Light-shift spectroscopy of optically trapped atomic ensembles by Hilton, Ashby P. et al.
ar
X
iv
:1
91
1.
02
70
8v
1 
 [p
hy
sic
s.a
tom
-p
h]
  7
 N
ov
 20
19
Light-shift spectroscopy of optically trapped atomic
ensembles
Ashby P Hilton1, Andre N Luiten1, Philip S Light1
1 Institute for Photonics and Advanced Sensing (IPAS) & School of Physical
Sciences, The University of Adelaide, Adelaide, South Australia 5005, Australia
E-mail: Ashby.Hilton@Adelaide.edu.au
October 2019
Abstract.
We develop a method for extracting the physical parameters of interest for a dipole
trapped cold atomic ensemble. This technique uses the spatially dependent ac-Stark
shift of the trap itself to project the atomic distribution onto a light-shift broadened
transmission spectrum. We develop a model that connects the atomic distribution with
the expected transmission spectrum. We then demonstrate the utility of the technique
by deriving the temperature, trap depth, lifetime, and trapped atom number from data
that was taken in a single shot experimental measurement.
1. Introduction
Cold atomic ensembles are a staple in the world of precision measurement and
fundamental physics due to the high atomic densities and low kinetic energies attainable.
These properties, combined with a wide range of internal degrees of freedom, make
for a versatile tool capable of high sensitivity measurement [1, 2, 3, 4, 5, 6, 7, 8],
quantum storage and manipulation [1, 9, 10, 11, 12, 13], and highly accurate metrology
[14, 15, 16, 17, 18, 19].
In many cases optical dipole traps are used to localise the atomic ensemble in
a controllable way. This can be used to hold the atomic sample for a long duration
[15, 20, 21] or to transport the atoms into a confined geometry such as a hollow-core
fibre [22, 23, 24, 25, 26, 27, 28, 29] or near to a structured device such as an atomic
chip [30, 31, 32, 33]. The act of trapping can itself alter the temperature and size of the
ensemble from that which might be derived from a post-facto measurement.
A standard technique for calculating temperature of a trapped ensemble is direct
absorption imaging, by which the ensemble is released from the trap and illuminated
with resonant light, casting a silhouette or shadow onto a waiting camera [34]. While this
is effective, it is necessary to take many images at various times after release to obtain
reliable temperature information. As the imaging pulse imparts significant momentum
on the atoms, each time slice must be taken on a separate run of the experiment, making
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this a slow process that can be susceptible to experimental fluctuations over multiple
imaging cycles. Additionally, this method requires direct optical access to both sides of
the atomic cloud, which is not always possible.
A similar approach is the release and recapture technique, which also uses the
ballistic expansion of the cloud to estimate its thermodynamic properties. This
technique is commonly used to measure the temperature of cold-atom ensembles
confined to hollow-core fibre, as the atoms can be interrogated using a weak probe
field overlapping the trapping beam [35, 36, 26, 28, 29]. However, multiple interrogation
sequences with increasing free expansion periods are still necessitated to extract the
temperature of the ensemble.
Our approach is an in-situ method that exploits the effect of the trapping field’s ac-
Stark shift on the absorption of the trapped atoms. This can be used to map the location
of an atom in the trap into a shift of the atomic transition through the spatially varying
trap intensity. We calculate the expected atomic distribution within a stable Gaussian
trapping field, and identify how temperature and other properties of the ensemble affect
the functional form of the light shifted absorption spectrum. We show that each of the
interesting parameters are sufficiently different in their effect on the absorption spectrum
that they can be individually extracted from a single measurement of the broadened
spectrum. This negates the need for destructive release and recapture techniques.
We also consider the sensitivity of this technique to the shape of the atomic
distribution. It has been suggested within the community that the spatial distribution
of atoms within a trap might be ring-like, with its peak density away from the central
axis. We develop a self-consistent model for the atomic distribution that produces
such an atomic profile and apply our light-shift spectroscopy approach to calculate the
absorption spectrum that would be obtained under this assumption. We test both the
conventional Gaussian model and the ring-like model against experimental data gathered
from our experiment and that of Peyronel et al. [35], and show that our ring-like model
does not well match the experimental results. Using the Gaussian model, we find a good
agreement with the measured spectra, and are able extract a range of experimentally
useful parameters. This demonstrates the power of this technique for performing fast,
single-shot interrogation of dipole-trapped atomic ensembles. This approach also has
great merit under some circumstances, such as when direct imaging is not feasible.
In addition, as it is not necessary to modulate or switch off the trapping field during
measurement, this process is relatively non-destructive allowing multiple measurements
to be made during a single experimental run.
2. Light-shift spectroscopy
The basis of optical dipole trapping is well known: a strong light field far red-detuned
from a two-level atomic system produces a reduction in energy of the ground state.
This perturbation is proportional to the local intensity of the dipole beam, and as such
a typical Gaussian beam can produce a potential capable of confining atoms. The
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Figure 1. a) The basic experiment system typically used, in which the probe field
(Ωp) is combined with and separated from the trap field (Ωd), and incident on a photo-
detector (PD). b) The energy level structure modelled with the ground-state |a〉, upper
trap-state |b〉, and upper probe-state |c〉, including the perturbative effect of the dipole
trap, Ud (ρ), and the resulting radial probability distribution function fP (ρ). c) The
calculated atomic distribution as a function of the light-shift (top), and the resulting
in-trap transmission spectrum as measured by the probe (bottom).
spatially dependent energy shift serves not only to trap the atoms, but also produces
a shift in the line-centre of any transition from the ground state, typically referred to
as a light-shift. This effect is typically undesirable, producing an additional source of
ensemble decoherence and broadening of the transition [37, 38, 39]. However this lifting
of the spatial degeneracy of the atomic ensemble can be performed in a predictable
way, giving rise to the possibility of extracting information regarding the distribution
of atoms in the trapping light field and the absolute depth of the trap. To understand
the effect of both the trap profile and atomic distribution on the measurable absorption
spectrum, we build a model using a typical single beam optical trap and a thermal
atomic ensemble.
We consider the potential generated by a collimated dipole beam far detuned from
an atomic transition, which can be written in cylindrical coordinates as
Ud (r) = Ud (ρ, θ, z) = U0u (ρ) (1)
where U0 is the peak trap amplitude, and u (ρ) is the relative optical intensity in the
radial direction ρˆ. For a Gaussian dipole beam with power Pd and waist w, the relative
intensity is simply u (ρ) = exp(−2ρ2/w2), and the depth of the trap on axis is
U0 =
3πc2
2ω30
Γd
∆d
2Pd
πw2
(2)
where c is the speed of light, ω0 and Γd are the angular frequency and natural linewidth
of the atomic transition, and ∆d is the angular frequency detuning of the dipole trap
laser from ω0.
In the thermal regime the atomic density n (r) is determined by the shape of
the trapping potential. We expect the atomic ensemble to be strongly defined in the
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transverse plane, and to simplify our model we assume a uniform dependence on z over
a finite length L. As such we write the atomic density as
n (ρ, θ, z) =
{
N
2piρL
fP (ρ) for 0 ≤ z ≤ L
0 otherwise
(3)
where fP (ρ) is the radial probability density function (PDF), or equivalently the radial
population density, that satisfies the condition
∫∞
0
fP (ρ) dρ = 1 such that the integrated
density returns the total number of atoms, N . The likelihood of finding an atom at a
radius ρ is determined using the Boltzmann factor by calculating the probability that
a state with energy E = Ud (ρ) is occupied [40]. This process, described in detail in
Appendix A, results in
fP (ρ) =
4αρ
w2
exp
(−2αρ2
w2
)
, (4)
where we have introduced the parameter α = −U0/ (kBT ) as the magnitude of the trap
depth relative to the thermal energy of the ensemble. This PDF represents a Gaussian
density distribution centred on axis with 1/e radius of w/
√
2α.
We introduce a weak probe beam that is spatially matched to the dipole beam and
interrogates an auxiliary upper state |c〉. We consider this state sufficiently detuned
from the dipole trap that it remains unperturbed. In the absence of the dipole trap, the
effect of the atomic ensemble on a resonant probe field is given by
dPp (r) = −σn (r) Ip (r) dV, (5)
where Pp is the power of the probe, Ip is the optical intensity of the probe, and σ is
the transition-specific scattering cross section of the atom. Rearranging and integrating
in cylindrical coordinates gives us total transmission on-resonance of T = exp (−Dopt),
where optical depth is:
Dopt =
∫ L
0
∫ 2pi
0
∫ ∞
0
σN
2πLρ
fP (ρ)
2
πw2
u (ρ) ρ dρdθdz (6)
= N
2σ
πw2
∫ ∞
0
fP (ρ) u (ρ) dρ (7)
= N
2σ
πw2
η (8)
where η is the geometrical overlap between the atomic density and optical field strength.
For our choice of fP (ρ) and u (ρ), we find that the geometric overlap can be given
analytically as
η =
α
1 + α
(9)
which approaches unity for a deep trap (large α).
To include the effect of the dipole trap on the system we calculate the spatially
dependent light shift in |a〉 that will be experienced by the probe beam. This relation
is simply given by
δLS (ρ) = −Ud (ρ) /~, (10)
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which we can rearrange using knowledge of the shape of the potential to find the radial
location as a function of the light shift:
ρ (δLS) =
w√
2
√
ln
(−U0
δLS~
)
. (11)
We now calculate the atomic distribution in terms of the light shift, which can be found
using the following change of variables:
f∆ (δLS) =
∣∣∣∣dρ (δLS)dδLS
∣∣∣∣ · fP (ρ (δLS)) (12)
=
α
δLS
(−U0
δLS~
)−α
, (13)
which integrates to unity over the bounds 0 < δLS ≤ −U0/~. This dipole trap intensity
profile in this basis is given by u (δLS) = −δLS~/U0.
The final piece required to calculate the light-shift perturbed spectrum is the
absorption profile of the probe transition. Assuming the probe transition is Lorentzian
in lineshape with linewidth Γp, the absorption profile is given by
L (∆p) = 1
1 + 4 (∆p/Γp)
2
. (14)
We are now able to calculate the probe-detuning dependent transmission spectrum
T (∆p) by performing the integral in Equation 6 but where we also include the
Lorentzian profile from Equation 14 and change the integration variable to δLS.
T (∆p) = exp
(
−
∫ −U0/~
0
N
2σ
πw2
f∆ (δLS) u (δLS)L (∆p − δLS) dδLS
)
= exp
(
− Dopt
1 + 4 (∆p/Γp)
2
2
Γp
× Im
[
(∆p + iΓp/2) 2F1
(
1, α+ 1;α+ 2;
−U0/~
∆p − iΓp/2
)])
(15)
Here 2F1 (a, b; c; z) is the hypergeometric function, which for physical choices of α, is
quick to evaluate, and can easily be fit to experimental data over all four physical
parameters in real time.
3. Parameter determination
Having calculated the transmission spectrum of a light-shift broadened atomic ensemble,
we now seek to understand its shape as well as its dependence on the underlying physical
parameters. To do this we calculate the spectral lineshape, and analyse physical meaning
behind the mathematical parameters remaining in our model, and their effect on the
resulting spectrum.
There are four physical parameters present in Equation 15: α, the ratio of trap-
depth to ensemble kinetic energy; U0, the on-axis trap depth - or equivalently expressed
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Figure 2. Demonstration of the effect on the modelled transmission spectrum for
variation in each physical parameter. In each subfigure a single parameter is varied:
a) α, b) U0, c) Γp, and d) Dopt, while the other parameters are held constant. In all
subfigures the unvaried parameters are α = 2, −U0/h = 80MHz, Γp = 2pi × 8MHz,
and Dopt = 4.
as −U0/h, the peak light-shift due to the trap; Γp, the probe transition linewidth for
atoms in the trap; and Dopt, the optical depth on the probe transition. All four of these
parameters provide insight into the trapped ensemble that are not always derivable from
conventional measurements. For example, the extracted value of U0 from this model is
an in-situ measurement of the strength of the interaction between the dipole-trap laser
and the atomic ensemble that does not rely on knowledge of the optical power, the size
of the beam, or the quantum state of the ensemble. As such this can be a powerful tool
for verification of the true conditions experienced by the atoms.
Similarly the measurement of α, and thus the temperature T , does not rely on
imaging the free expansion of the ensemble over a long relaxation time and many runs
of the experiment. This eliminates the effect of shot-to-shot variation in the measured
temperature, allowing one to instead track these processes on a nearly continuous basis.
To understand the influence of these parameters on the absorption spectrum, we
calculate it for a realistic choice of experimental parameters and systematically vary
one parameter at a time over a range of values. We choose the common parameter set
to be: α = 2, −U0/h = 80MHz, Γp = 2π × 8MHz, and Dopt = 4. The calculated
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transmission curve for this set of values is shown in Figure 2, where each parameter is
varied in subfigures (a) through (d) respectively. A brief description of the influence of
each parameter is given below.
The parameter α determines the breadth of the spectrum, predominantly modifying
the shape of the low frequency side of the absorption peak. This is due to the effect α has
on the spatial extent of the atomic distribution: tightly confined ensembles are held on
axis and experience a single light shift, while weakly trapped ensembles sample a large
range of the trap intensity, resulting in a wide range of light-shifts. The trap-depth itself
determines the depth of the potential, and as such the largest light-shift experienced.
The dependence of α on U0 makes these parameters interdependent, and for a fixed
temperature ensemble, inversely proportional. The transition linewidth strongly affects
the sharpness of the high ∆p edge of the spectrum, which is physically determined by
the high density of atoms that are closest to the optical axis. The optical depth remains
as a simple scaling factor on the overall absorption of the ensemble. Broadening of the
absorption feature is seen for high Dopt, as is typical for high dense, strongly interacting
samples.
4. Atomic distribution models
Until now we have used a Gaussian distribution for the atomic density, based on the
expected distribution from a well founded statistical mechanics approach. While we
have no reason not to expect the thermodynamic derivation to well describe a system
such as a laser-cooled and trapped atomic ensemble, there may be circumstance in which
a non-central distribution may appear. There has been speculation in the literature that
this might be the case for a very tightly confined ensemble within a 7 µm core hollow
optical fibre [35].
We have used the idea as a means for testing the sensitivity of our technique to
variations in atomic distribution within the trap. To do this, we construct a model from
first principles that predicts a non-central distribution of atoms where we assume that all
atoms in the trap are enforced to undergo pure circular motion in the transverse plane.
Using the kinetic energy of the atom to determine the inwards acceleration required
to maintain a constant radius, we are able to map the thermal distribution of energy
onto the radial distribution of atoms within the trap, and as such find an expression for
fP,Ring (ρ). The derivation for this term is given in full in Appendix B, where the result
is
fP,Ring (ρ) = (16){
8
√
2α3
pi
ρ2
w3
∣∣∣1− 2 ρ2w2 ∣∣∣ exp (− ρ2w2 [3 + 2α exp (−2ρ2w2 )]) for 0 ≤ ρ ≤ w/√2
0 for ρ > w/
√
2
which integrates to unity over 0 ≤ ρ ≤ w/√2 for α≫ 1.
We show both the Gaussian and ring-like atomic distributions in Figure 3. In (a)
the spatial density n (ρ) is displayed, where the Gaussian model is clearly maximum
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Figure 3. Depiction of the Gaussian and ring-like atomic distributions used for a
value of α = 3. a) The spatial atomic density n (ρ), where the Gaussian model (Black)
has a maximum density on axis, and the ring-like model (Red) is zero on axis. b) The
radial population density fP (ρ) which is proportional to ρ×n (ρ), where both models
have a zero on axis, but the ring-like model (Red, dashed) is also zero for ρ > w/
√
2.
The dipole potential (pale blue) is shown for both cases as a visual aid.
on-axis, while the ring-like model is zero on axis and peaks off-axis. When the radial
PDF is calculated in (b), both models have peak population off-axis. At first sight this
is surprising, however it is a consequence of the scaling of the area in an infinitesimal
radial band with radius, given by ρ dρ. As a result, while the two models for atomic
distribution are essentially orthogonal in density, in radial population density they are
remarkably similar. The primary difference between the two models is that, as a result
of the circular motion condition enforced in the derivation, the ring-like distribution is
has an upper bound at ρ = w/
√
2. On the other hand the Gaussian model is able to
extend indefinitely in radius, giving it a distinctly different behaviour for medium to
small values of α.
5. Experimental comparison
We test our approach by looking at a cold-atom ensemble that has been loaded into a
hollow-core optical fibre. The experimental setup is described in detail in [27], however
a brief overview is provided below.
A magneto optical trap (MOT) prepares a sample of 109 85Rb atoms a short
distance above the tip of a 10 cm long segment of 45µm core kagome-lattice hollow-
core photonic-crystal fibre (HC-PCF [41]). A 1W dipole trap beam detuned 1THz
below the D1 transition is coupled through the fibre from below, intersecting the cold-
atom cloud. Upon release of the MOT fields, the atoms that begin within the dipole trap
are confined during their fall under gravity and guided into the fibre core. Once inside
the fibre the atoms are interrogated by a counter-propagating probe field tuned to the
F = 3 → F ′ = 4 cycling transition on the D2 line. This probe light is separated from
the dipole trap after exiting the fibre and is incident upon an avalanche photodiode.
The interrogation protocol consists of a series of short pulses of weak probe light,
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Figure 4. Transmission measurements of an atomic ensemble in a dipole trap, with
(a) our data (green squares) and (b) data from [35] (blue circles). Both sets of data are
shown with fitted light-shift spectra based on the Gaussian model (thick black curve),
the ring-like model (dashed red curve), and the ring-like model using the fit parameters
from the Gaussian (thin purple curve).
each pulse stepped in frequency using a pair of pre-programmed waveforms that are fed
to two acousto-optic modulators. Using this technique we are able to measure a 144MHz
span in a single 98 µs window, allowing a true ’snapshot’ of the atomic absorption to be
taken. Conventionally the dipole trap would be switched off during probing, however
here we leave it on to measure its effect on the spectrum. This data is shown as the
green squares in Figure 4 (a), where the spectrum has been spread over a 100MHz range
above the unperturbed linecentre.
To compare our models to this data we run a least-squares fitting algorithm where
all four physical parameters listed above are allowed to be free. We show the outcome
of the fit for both Gaussian (black, solid) and also for a possible ring-like (red, dashed)
atomic distributions. It is clear that the closest fit to our results is given by the fitted
Gaussian model, which captures the full asymmetry seen in the experimental data.
Although the ring-like distribution can match the depth, location, and width of the
absorption feature, it fails to capture the asymmetric shape. The best fit parameters
with associated uncertainties are given in Table 1, where the ensemble temperature is
calculated for the Gaussian model fits using T = −U0/αkB. Importantly the parameters
returned by the ring-like distribution fit are obviously unphysical and thus we deduce
that this solution is unlikely to explain the results. In the case where we copy physically
plausible values for the parameters from the Gaussian distribution fit into the ring-like
solution (thin, purple curve in Figure 4) it is clear that the it still possesses the wrong
shape to explain our observations.
In addition to our experimental results, we perform the same analysis to the data
used by Peyronel et al. that the authors indicated had suggested a ring-like distribution,
in figure 6(A.1) in [35]. We show this data again in Figure 4 (b) as blue circles, with
the theory curves following the same pattern as before. As with our work, the best fit
Light-shift spectroscopy of optically trapped atomic ensembles 10
Table 1. Results of fitting to AC-Stark shifted data with mathematical models based
on ring-like and Gaussian atomic distributions.
T −U0/h Γp/2pi
Source Model α (mK) (MHz) Dopt (MHz)
Our Data
Gaussian 1.0(1) 4.0(4) 81(1) 2.8(3) 16(2)
Ring-like 0.0(40) 74(8) 1.5(2) 32(6)
Peyronel et al.
Gaussian 1.59(7) 5.4(2) 177(1) 8.0(6) 17(1)
Ring-like 0.0(20) 172(5) 4.4(4) 33(2)
is found by the Gaussian distribution which fully captures the shape of the data, while
both ring-like models are unable to capture the asymmetry in the light-shift broadened
spectrum.
It is worth mentioning that the linewidth Γp/2π is consistently much larger than
the expected natural linewidth of ∼6MHz. Assuming that the atoms are otherwise
unperturbed, this additional broadening can be caused by two effects: power broadening
by spontaneous absorption of the trap beam or differential light shifts associated with
different mF ground states. Power broadening is unlikely due to the weak scattering of
trap photons which, for our experiment is calculated to be less than 10 kHz. On the other
hand, differential light-shifts arise from variance in the Clebsch-Gordan coefficients, and
hence coupling strength, between the mF → m′F manifold in the trapping transition.
As a result, atoms in the 2n+1 Zeeman sub-states experience different trap depths, the
overlap of which produces a broader spectrum. A more appropriate fit function would
be the product of 2n + 1 separate transmission spectra with U0, α, and Dopt for each
spectrum appropriately weighted by the relative transition strengths.
6. Conclusion
We have developed a technique that employs the spatially varying light-shift inherent
to a dipole trap as a means to perform spectroscopy on the trapped atomic ensemble.
The trap itself provides the perfect reference, mapping the radial location of each atom
into a unique frequency shift. Using an understanding of the shape of the dipole trap
and the resulting spatial distribution of atoms, we produce a testable model of the light-
shift broadened atomic absorption spectrum. This technique is able to rapidly infer the
number of atoms, temperature of the ensemble, depth of trap, and transition linewidth,
with a high level of independence between each of the experimental parameters.
We experimentally test this technique using a hollow-core fibre loaded cold-atom
ensemble and are able to take a single-shot snapshot of the light-shift broadened
spectrum. Fitting to this data with two models for the distribution of atoms in a
radial trapping field, we find strong agreement with the Gaussian distribution model.
This comparison additionally demonstrates that our spectroscopic technique is sensitive
to the use of an appropriate model for the atomic distribution. Using the fit parameters
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we able to extract relevant physical properties of the atomic ensemble and dipole trap
from the shape of the measured spectrum.
We hope this analysis provides insight into the dynamics of a trapped atomic
system, and expect our interrogation scheme to be instrumental in acquiring rapid
feedback on the parameters of state of cold atom systems that would otherwise require
slow and repetitive interrogation sequences over many experimental cycles.
Acknowledgments
We would like to thank the South Australian government for supporting this research
through the PRIF program.
This research was funded by the Australian government through the Australian
Research Council (Project: DE12012028).
We would also like to thank Peyronel et al. for providing their data for use as a
comparison.
Appendix A. Calculation of radial probability density function
To find the likelihood of finding an atom at a radius ρ, we make use of fundamental
thermodynamic arguments. The Boltzmann factor predicts the probability of a state
with energy E = Ud (r) being occupied. The radially dependent trap depth defines the
energy of the state, allowing us to find that the atomic density is of the form
n (ρ) ∝ exp (−Ud (ρ) /kBT )
∝ exp
(
U0
kBT
exp
(−2ρ2/w2)) (A.1)
where kB is the Boltzmann constant, and T is the ensemble temperature.
This is simplified to a useful form by assuming that the atoms remain close to the
central axis, and as such the potential can be assumed to be harmonic. Taking a power
series to second order in the radius, we find a Gaussian distribution centred on axis with
the form
n (ρ) ∝ exp
(
α− −2αρ
2
w2
)
, (A.2)
where we have introduced the parameter α = −U0/ (kBT ) as the magnitude of the trap
depth relative to the thermal energy of the ensemble.
Integrating n (r) and using Equation 3 we calculate the normalised PDF
fP (ρ) =
4αρ
w2
exp
(−2αρ2
w2
)
(A.3)
which integrates to unity over 0 ≤ ρ <∞.
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Appendix B. Ring-like atomic distribution
To generate a ring-like atomic distribution we begin by simplifying the atomic motion
by considering only trajectories that have constant radius. This is helpful in two ways:
it allows us to include the full Gaussian form of the potential and removes the need to
perform spatial integration over the atomic trajectory for all choices of ellipticity.
The equation of motion for a circular orbit is trivial, and is given by
−a · ρ = v2⊥ (B.1)
where v⊥ is the speed perpendicular to ρ, which is simply the magnitude of the total
velocity in the transverse plane due to our choice of trajectory. Similarly, a = aρρˆ is
the radial acceleration due to the trap potential, which for a particle with mass m can
be calculated as a function of radius as
aρ (ρ) =
1
m
· −dUd (ρ)
dρ
=
4ρU0
mw2
exp
(−2ρ2
w2
)
. (B.2)
We calculate the kinetic energy of an atom in this trajectory, ǫ, using
ǫ (ρ) =
1
2
mv2 =
−2ρ2U0
w2
exp
(−2ρ2
w2
)
(B.3)
in which we have assume the axial component is negligible. Assuming the atomic
ensemble is in thermal equilibrium, we can describe the energy distribution in the system
using a Maxwell-Boltzmann distribution:
fE (ǫ) = 2
√
ǫ
π
(
1
kBT
)3/2
exp
( −ǫ
kBT
)
. (B.4)
By implementing a change of variables as in Equation 12, we can generate the radial
distribution of atoms for the ring-like model using Equation B.3
fP,Ring (ρ) =
∣∣∣∣dǫ (ρ)dρ
∣∣∣∣ · fE (ǫ (ρ))
= 8
√
2α3
π
ρ2
w3
∣∣∣∣1− 2 ρ2w2
∣∣∣∣ exp
(
− ρ
2
w2
[
3 + 2α exp
(
−2ρ
2
w2
)])
(B.5)
where again we have introduced the substitution α = −U0/kBT .
It should be noted that for a Gaussian beam the trap depth Ud (ρ) is deepest at
ρ = 0 and monotonic in ρ, while the orbital energy ǫ (ρ) is zero at ρ = 0, and has a
maximum at ρ = w/
√
2. From this we can infer that we expect to find two distinct
circular orbits for each possible value of the kinetic energy: one for 0 ≤ ρ < w/√2, and
one for ρ > w/
√
2. The set of solutions with large ρ represent trajectories with orbital
energies that are greater than the trap depth. While these are still valid solutions to
the equations of motion, the orbits are unstable and an infinitesimal increase in velocity
will free the atoms from the trap. To produce a physically realistic model we truncate
the radial distribution at ρ = w/
√
2, and choose only to count stable orbits.
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While the ring-like model radial distribution fP,Ring (ρ) integrates to unity over the
bounds 0 ≤ ρ ≤ w/√2 for large α, for small α this is not the case. In our model there
is a maximum orbital energy that can maintain a circular orbit. For small α there is a
non-zero fraction of the Maxwell-Boltzmann distribution that that has energy greater
than this upper bound. Our use of the change of variables intrinsically includes this
overlap issue, and the resulting integral
∫ w/√2
0
fP,Ring (ρ) dρ produces the fraction of the
energy distribution that is capable of being trapped.
While this is useful information, in our model we have scaled the radial distribution
so that it is normalized to the total atomic number in the thermal cloud that is trapped.
Light-shift spectroscopy of optically trapped atomic ensembles 14
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